I show that holographic calculations of entanglement entropy in the context of AdS bulk space modified by wormhole geometries provide the expected entanglement magnitude. This arises in the context of string theory by means of additional geometric structure that is seen by the string in its bulk evolution. The process can be described as a net entanglement flow towards stringy geometry. I make use of the fact that as opposed to quantum field theory, strings have additional winding mode states around small extra dimensions which modify the area computation given by the standard application of the Ryu-Takayanagi entanglement entropy formula.
I show that holographic calculations of entanglement entropy in the context of AdS bulk space modified by wormhole geometries provide the expected entanglement magnitude. This arises in the context of string theory by means of additional geometric structure that is seen by the string in its bulk evolution. The process can be described as a net entanglement flow towards stringy geometry. I make use of the fact that as opposed to quantum field theory, strings have additional winding mode states around small extra dimensions which modify the area computation given by the standard application of the Ryu-Takayanagi entanglement entropy formula.
Wormholes are very special solutions of Einstein's field equations that persist in the modern interpretations of quantum gravity (string theory) [1] . Heuristically speaking, to keep a wormhole open at least some violations of the averaged weak energy condition must take place [2] . There are several quantum field theoretical phenomena that are capable of this [3] , [4] . When we wish to compute entanglement entropy the tool of choice in the context of holography is the Ryu-Takayanagi formula [5] , [6] . Its prescription recommends us to calculate the entanglement entropy associated to a boundary region as the area of the minimal surface reaching inside the AdS bulk space in such a way that the surface in the bulk is homotopically equivalent to the boundary surface and it is anchored on it. This prescription is known to offer a formula which suffers a series of corrections both from higher order geometric or quantum phenomena [7] and from string theoretical effects [8] . While it is not particularly surprising that string geometry will play a role in entanglement entropy estimates, when dealing with wormhole geometries the standard holographic evaluation of entanglement entropy is lower than what would be expected [9] . While there exist cases where wormhole geometries are suitably manipulated to provide the entanglement entropy we might expect, such manipulations are often artificial and come with other fundamental issues [10] . In this article I argue for the thesis that entanglement is a fundamental property of string theory as well, a property that affects in a fundamentally different way the physics of wormholes and hopefully other phenomenological predictions that may be easier to test experimentally. Indeed, entanglement plays an important role in condensed matter systems where topologically nontrivial structures are used to classify certain large scale properties like topological insulators, topological superconductors or materials with long range entanglement. Calculating the accurate entanglement entropy therefore is a critical aspect in understanding the large scale behaviour of topological quantum materials. As entanglement entropy is a measure of quantum entanglement and wormholes are topologically non-trivial solutions of Einstein's field equations, understanding the entanglement properties of wormholes may become important in understanding large scale properties of quantum materials with non-trivial topological structure. Condensed matter analogues to wormhole geometries have been studied in graphene structures [14] leading to the construction of graphene wormholes in which short nanotubes act as a connection between two graphene sheets. It has been shown in [14] that such graphene wormholes can be described by an effective theory of two Dirac fermion fields in the corresponding curved wormhole geometry. A proper estimation of the entanglement obtained between the two ends could therefore establish new macroscopic properties of graphene monolayers with topological structure [15] . Understanding how string phenomena in the bulk affect the calculation of entanglement entropy on the boundary may be the first step towards better understanding non-perturbative string theoretical effects in a holographic context. Moreover, such an observation may reveal new quantum states of matter where long range entanglement is stronger than previously thought, provided one can associate the geometry of the quantum system to a wormhole geometry i.e. a topologically non-trivial object. In this sense, the main departure of string theory from the well known quantum field theoretical analysis is the fact that strings are extended objects which have non-trivial winding modes. String theory also requires the presence of additional compact dimensions. Therefore, a string in its dynamics, will perceive spacetime geometry rather differently, compared to a point-like particle. Also, the calculation of areas as required by the Ryu-Takayanagi formula will be different when the involved objects are strings. Heuristically speaking, given the fact that the wormhole throat can be of the size of the Planck scale [3] , [4] it is not unexpected that a measuring device analysing the area of a geometry which contains wormholes will be based on strings and stringy geometry. Analysing string theory even in the case of simple toroidal compactification shows that for certain areas, the phenomenon of gauge symmetry extension leads to a transition from the field theoretical gauge group U (1) × U (1) to an extended group SU (1) × SU (1) as shown in [11] . This is a first indication that strings do not see the same arXiv:1803.06164v1 [hep-th] 16 Mar 2018 geometry as basic quantum field theory objects would. Indeed, a string moving on a periodically compactified dimension may have winding number w = 0 case in which it will not wrap around the extra dimension. However, by processes involving joining or splitting of strings, such a state can decay into states with winding number w = ±1 case in which a topologically non-trivial winding state of the string will appear. Introducing the supplemental area arising from such higher winding states both explains the extended gauge symmetry and induces additional entanglement entropy, not visible from any quantum field theoretical perspective. Of course the state w = ±1 is entangled in a way that cannot be seen from a point-like particle point of view. To express the Ryu-Takayanagi formula, consider a d+1 dimensional asymptotically antide-Sitter spacetime M. Its conformal boundary is given by ∂M. Consider a spacelike foliation of the conformal boundary along an assumed timelike Killing field. One may according to the Ryu-Takayanagi prescription divide this foliation into regions A and B. The boundary between these regions will be denoted ∂A. For a quantum field theory on ∂M the entanglement entropy associated to, say, region A suffers from ultraviolet divergencies as QFT has an infinite number of degrees of freedom. The leading divergence of the entanglement entropy will scale as the area of the boundary ∂A
By extending this construction into the bulk we obtain a minimal surface from where we can extract by means of purely geometrical arguments the associated entanglement entropy
However, it has been shown in [7] that this formula is corrected by terms involving further entanglement of the bulk region delimited by the minimal area and the rest of the bulk. Quantum corrections will also play a role and several divergencies will have to be properly renormalised by means of suitable counter-terms. The resulting formula for the quantum corrections to the entanglement entropy is
where the first term is the bulk entanglement, the second is the change in the area due to a quantum shift of the classical background, the third term is of the type given by the Wald entropy formula, and finally the last term is the counter-term component. Now let us consider a wormhole throat within the AdS bulk space. Modifying the AdS 5 × S 5 solution to incorporate a wormhole we obtain [9] 
where I used the same definitions as in [9] 
The parameter l describes the AdS radius and the parameter a describes the size of the wormhole. The solution above can be reduced to five dimensions with the gravity action and the metric being
The process of splitting or joining of strings in different winding states and the associated entanglement creation. While the w = 0 state is homotopical to a point and does not span additional area, the w = ±1 state spans additional area over the extra-dimension which has to be considered in the calculation of entanglement entropy
There exists a non-geodesic time-like trajectory which connects the two asymptotic regions [9] , [12] . It can be noted that the holographic stress energy tensor for this geometry has as only non-trivial component
which breaks the standard energy condition as the energy is vanishing while the momentum is non-zero [9] . Still, this solution can be embedded in string theory. The 3-dimensional minimal surfaces of the metric given above have been analysed in [9] and an entanglement entropy deficit has been systematically obtained. The holographic entanglement entropy has been calculated for a subsystem A defined by
with
It is important to notice the size of the wormhole a. This will play the role of the radius of the winding dimension seen by the string. As quantum field theoretical arguments show that this size is expected to be of the order of magnitude of the Planck scale [12] (although exceptions have been considered [13] ) string dynamics, and particularly string splitting and joining and hence changes in the winding state of the string become possible. Such geometric processes carry away a part of the entanglement entropy we would expect to normally see towards string geometry and hence the calculation must take such string geometry effects into account. Indeed, the effective common area will grow corresponding to the string coupling governing such processes. This observation can be readily written considering the winding of a closed string around a compact direction
with the winding number w. The Laurent expansions are given by
The overall change in the coordinate X due to the string moving around the compact dimension is 2πaw = (dz∂X +dz∂X) = 2π(α /2) 1/2 (α 0 +α 0 ) (13) The partition function is therefore interpreted as a sum over all genus one world-sheets in a periodic spacetime, with every non-trivial closed curve capable of wrapping around the compact dimension. This leads to the path integral breaking up into distinct sectors of different topologies labelled by the winding number w and by m. The partition function then becomes
with Z X (τ ) = (4π 2 α τ 2 ) −1/2 |η(τ )| −2 , η(τ ) being the Dedekind eta function. The Gaussian path integration is done by writing X as the sum of the classical solution of the known periodicity, plus the quantum piece with periodic boundary conditions [11] . The path integral over the quantum part remains like in the non-compact case, while the compact component to the classical action appears as a correction of the form given in the exponent above
A more intuitive way of looking at this is to think that from the perspective of string theory, the standard U (1) × U (1) symmetry seen by normal quantum field theories cannot be maintained, as there are certain radii a = α 1/2 which correspond to gauge symmetry enhancement. The calculations are fairly standard and can be verified in any string theory textbook [11] . From this perspective, additional winding of the strings leads to more complex types of coupling to scalar fields and hence gives a justification of the fact that geometry must be extended according to string theory in order to deal with entanglement entropy in holographic contexts. One can easily see that a closed string that does not wrap the extra dimension is homotopical to a point and hence does not contribute to the area at larger scales, while the wrapping strings resulting from the splitting (w = ±1) will span an area on the extra-dimension that must be added to the entanglement entropy. It is particularly suggestive to see that string state transitions leading to superpositions of opposite winding modes propagating on compact dimensions are contributing to entanglement entropy in a way that can be represented geometrically in the sense of Ryu-Takayanagi but requires an extension of the bulk area to take into account effects due to opposite winding number strings propagating inside the bulk. These effects become particularly important at compact dimension radii (or equivalently wormhole radii) comparable to the radii where extended symmetries emerge.
This phenomenon can be interpreted as a flow of entanglement towards additional dimensions. Considering the ER-EPR duality it could be interesting to speculate whether in the EPR interpretation of wormholes, such extra-dimensional flows of entanglement could have a measurable impact on tabletop entanglement experiments and how such an impact may be interpreted. In this article I showed that the standard Ryu-Takayanagi formula for the calculation of entanglement entropy must be extended in order to capture additional structure arising from strings winding around extra-dimensions inside the bulk. Such a phenomenon is the first effect to account for string theoretical geometry inside the bulk and hence may provide a new way of looking at non-perturbative string theory in a holographic context. Moreover, the calculation of entanglement entropy for topologically nontrivial structures may have an impact on the way we understand condensed matter systems where long range entanglement and topologically non-trivial structures are important.
